Recent developments of high-order CCM have been to extend existing formalism and codes to s ≥ 1 2 for both the ground and excited states, and independently to "generalised" expectation values for a wide range of one-and two-body spin operators. An advantage of the CCM is that the Goldstone linked-cluster theorem is obeyed at all levels of approximation and so it provides results in the infinite lattice limit N → ∞ from the outset. However, recent results have also shown that the CCM can provide exact (symmetry-breaking) results for the spin-half linear-chain J 1 -J 2 at the Majumdar-Ghosh point J 2 /J 1 = 0.5 by identifying special solutions of the CCM equations for the usual Néel model state. Interestingly, the CCM provides exact (non-symmetry-breaking) results for systems in which small magnetic clusters become de-coupled from each other when the bonds connecting them tend to zero. These exact results involve the identification of "special solutions" of the CCM equations for the Néel state. An example of this is given by a spin-half system with nearest-neighbour bonds for an underlying lattice corresponding to the magnetic material CaV 4 O 9 (CAVO) in which one of the two different types of bonds on the lattice tend to zero. Larger finite-sized systems may be considered by appropriate choice of the unit cell and the bonds on it.
I. INTRODUCTION
The coupled cluster method (CCM) [1] [2] [3] [4] [5] [6] [7] [8] [9] is a well-known method of quantum manybody theory (QMBT). The CCM has been applied with much success in order to study quantum magnetic systems at zero temperature (see Refs. ). In particular, the use of computer-algebraic implementations [22, 26, 32, 52] of the CCM has been found to be very effective with respect to these spin-lattice problems. Recent developments of highorder CCM formalism and codes have been to treat systems with spin quantum number of s ≥ 1 2 for both the ground and excited states [52] . Furthermore, the ground-state formalism and codes may also be used directly to find "generalised" expectation values [53] . These expectation values are defined for a wide range of one-or two-body spin operator that prior to the CCM calculation.
Here we show how the consideration of previous results for exact results for the (symmetry-breaking) 1D J 1 -J 2 model at J 2 /J 1 = 0.5 [50, 54] and a (non-symmetry-breaking)
nearest-neighbour CAVO model [50] in the limits that various nearest-neighbour bond either go to zero or infinity leads on naturally to the treatment of finite lattices via the CCCM code [55] . This is achieved by the simple expedient of choosing the finite-lattice to be the fundamental unit cell and so this is a "brute-force" solution of the finite-lattice problem via high-order CCM.
II. METHOD
The details of the practical application of high-order coupled cluster method (CCM) formalism to lattice quantum spin systems are given in Refs. [22, 26, 32, 38, 52] and also in the appendices to this article. However, we point out now that the ket and bra ground-state energy eigenvectors, |Ψ and Ψ |, of a general many-body system described by a Hamiltonian H, are given by
Furthermore, the ket and bra states are parametrised within the single-reference CCM as follows:
|Ψ = e S |Φ ; S = I =0
One of the most important features of the CCM is that one uses a single model or reference state |Φ that is normalised. We note that the parametrisation of the ground state has the normalisation condition for the ground-state bra and ket wave functions ( Ψ |Ψ ≡ Φ|Φ = 1). The model state is required to have the property of being a cyclic vector with respect to two well-defined Abelian subalgebras of multi-configurational creation operators {C + I } and their Hermitian-adjoint destruction counterparts {C given by
For the bipartite lattices, we perform a rotation of the local axes of the up-pointing spins by 180
• about the y-axis. The transformation is described by,
The model state now appears mathematically to consist of purely down-pointing spins. In terms of the spin raising and lowering operators s
k the Hamiltonian may be written in these local axes as,
where the sum on i, j again counts all nearest-neighbour pairs once on the lattice.
The CCM formalism is exact in the limit of inclusion of all possible multi-spin cluster correlations within S andS, although this is usually impossible to achieve practically. Hence, we generally make approximations in both S andS. The three most commonly employed approximation schemes previously utilised have been: (1) the SUBn scheme, in which all correlations involving only n or fewer spins are retained, but no further restriction is made concerning their spatial separation on the lattice; (2) the SUBn-m sub-approximation, in which all SUBn correlations spanning a range of no more than m adjacent lattice sites are retained; and (3) the localised LSUBm scheme, in which all multi-spin correlations over all distinct locales on the lattice defined by m or fewer contiguous sites are retained. Another important feature of the method is that the bra and ket states are not always explicitly constrained to be Hermitian conjugates when we make such approximations, although the important Helmann-Feynman theorem is always preserved. We remark that the CCM provides results in the infinite-lattice limit N → ∞ from the outset.
Key to understanding the application of the CCM to spin problems is the concept of the unit cell and the Bravais lattice. The unit cell contains a number of sites at specific positions The triangular lattice is given by vectorsâ = (1, 0)
T and so on for other lattices. We see also that the basic building blocks of unit cell, Bravais lattice, and bonds/interactions in the Hamiltonian placed on the lattice gives us a broad canvas to work with. For example, we may form models that interpolate between different lattices (and even different spatial dimensions) by varying the strengths of various bonds that have been carefully placed with respect to the underlying lattice. Hence, the number of possible such quantum spin systems is enormous. Furthermore, the development in the number and complexity of these theoretical models is often driven by the magnetic materials studied in experiment.
III. RESULTS
A. The Spin-Half J 1 -J 2 Model on the Linear Chain
The Hamiltonian for this spin-half model has nearest-neighbour bonds of strength J 1 and next-nearest-neighbour bonds of strength J 2 . We use a Néel model state in which nearestneighbour spins on the linear chain are anti-parallel. We rotate the spin coordinates of the 'up' spins so that notationally they become 'down' spins in these locally defined axes. The relevant Hamiltonian in rotated coordinates is then given by
where i, j runs over all nearest-neighbour sites on the lattice counting each pair once and once only and i, k runs over all next-nearest-neighbor sites on the lattice, again counting each pair once and once only. Henceforth we put J 1 = 1 and consider J 2 > 0.
The ground-state properties of this system have been studied using methods such as exact diagonalisations [57, 62] , DMRG [17, [58] [59] [60] , CCM [14, 16, 42] , and field-theoretical approaches [60] (see Refs. [60, 61] for a general review). We shall not go into detail about this model here except to note that there are two degenerate simple exact dimer-singlet product ground states at the Majumdar-Ghosh point J 2 /J 1 = 0.5. The four-site plaquettes in the unit cell become de-coupled only in the limit J ′ /J → 0.
The ground state is a product of such four-site plaquette singlets in this limit. In the limit that J ′ /J → ∞ dimers are formed on the J ′ bonds. To model such states using the CCM we start again from the Néel model state; namely, a state in which the spins on nearest-neighbour sites are anti-parallel. To create an exact plaquette-singlet product VBC ground state at J ′ /J = 0 using the CCM we have to adjust the nearest-neighbour correlation coefficients S 2 ) to zero the plaquette-singlet product valence-bond crystal state is obtained exactly. Furthermore, we are also able to reproduce exactly the dimer-singlet product ground state in the limit J ′ /J → ∞. In this limit, the nearest-neighbour ket-state correlation coefficient S b 2 on the dimer bonds (dotted lines in Fig. 1 ) has a value of one and all other coefficients (e.g., S a 2 and S p 4 ) are zero. An important point is that in the limits J ′ /J → 0 and |J ′ /J| → ∞ the system is comprised of independent clusters. However, the system is two-dimensional for all other values of J ′ /J. This system therefore "interpolates" between a zero-dimensional and twodimensional lattice with the bond strengths J ′ /J. This model (and similar models) may therefore be used to study the differences between zero-dimensional and two-dimensional systems. They may also be used to investigate the effects of "linking" magnetic clusters We now consider if exact solutions for larger unit cells may be found by "brute force", i.e., without using any of the translational or point-group symmetries of the finite lattice.
We start by defining the unit cell to be of size N = {2, 4, 6, 8, 10, 12}. We use the Tables I and II , respectively. We remark that CCM results for the ground-state energy and excitation energy gap agree to at least six decimal places with exact diagonalisations obtained using the SpinPack code of Joerg Schulenburg [64] . We may also study the manner in which LSUBm results behave with increasing m for a set value of chain length N. Table III presents LSUBm results for the spin-half Heisenberg chain of length N = 12. The ground-state energies decrease monotonically with increasing LSUBm level of approximation, although no simple extrapolation "rule" may be seen. By contrast, the LSUBm data for the excitation energy gap is only monotonically decreasing up to LSUB10. Indeed, the gap for LSUB10 lies lower than that of the (exact) LSUB12 result.
We note again that the LSUBm approximation for the spin-half system and the SUB2m-m approximation for the spin-one system reproduce exact results for the chains of length N when we set m = N.
The CCM results in Tables I to III arise from "special solutions" of the CCM equations in exactly the same manner as for the nearest-neighbour CAVO problem in the limits J ′ /J → 0 and |J ′ /J| → ∞. However, it is clearly more complicated in this case because we are dealing with unit cells (i.e., finite-sized 1D lattices here) of greater size than 4 sites. Interestingly though, the CCM ground-state equations were found to converge readily to this "special solution" and for a wide range of starting values at all levels of SUBn-m approximation attempted here. For example, setting the initial ket-state correlation coefficients to a small (positive) non-zero value was found to work quite well. Indeed, the ground-state solution was found to be very stable, as is generally also the case for extended systems (N → ∞) in which the model state is known to be a "good starting point".
These results prove the principle that the CCM may be used to study finite-sized lattices.
IV. CONCLUSIONS
Again, we remark that recent developments of high-order CCM have been to extend existing formalism and codes to s ≥ for both the ground and excited states [52] , and independently to "generalised" expectation values for a wide range of one-and two-body spin operators [53] . We note that the CCM is that the Goldstone linked-cluster theorem is obeyed at all levels of approximation and so it provides results in the infinite lattice limit N → ∞ from the outset. In this article, we have shown the exact ground state for the These results lead on naturally to a "brute-force" approach for solving finite-sized lattices,
i.e., without using any of the translational or point-group symmetries of the finite lattice. We note that results for the case of finite clusters for s = 1 were obtained via new highorder formalism for the CCM excited state outlined in Refs. [52, 54] . Furthermore, new code [55] has been written to implement this new formalism for the excited state for s ≥ 1.
The agreement between ED results for the ground-state energy and excitation energy gap for chains of up to N = 6 for s = 1 is an excellent test of the validity of this new code. These solutions for the finite chains were found to be stable numerically. Hence, we have "proven the principle" that the high-order CCM code may be used directly to study (relatively smallsized) finite lattices by a somewhat "brute-force" approach. Indeed, this approach is still somewhat inefficient in comparison to exact diagonalisations (ED) because ED results use translational and point-group symmetries of the finite lattice in order to reduce the size of the matrix to be diagonalised, and so ED may to go to much larger lattice sizes.
For periodic boundary conditions, the manner in which this is achieved for ED is by identifying common states for a given k-value via a complex phase factor e −ik·r for states that a related by a translational vector r on the finite lattice (again: note periodic boundary conditions are assumed). The Hamiltonian then links only those states of common k. Pointgroup (PG) symmetries/permutations of indices may then used to form states with real components only, thus simplifying the computational problem. In principle, we ought to be able to employ the finite lattice translational and point-group symmetries analogously in order to simplify the finite-size problem with periodic boundary conditions also for the CCM. However, it is unclear how one might do this in practice for the exponentiated S in the ground ket and bra states. The use of translational and PG symmetries for finite-lattice CCM will be the subject of future research.
Despite the fact that translational and PG symmetries for the finite lattice were not used directly here, we were still able to treat finite-lattices of size N = 12 for the spinhalf case using high-order CCM with only relatively meagre computational resources. (A MacBook with a "Core Duo" processor and 1 GIG RAM was used in this case was used to carry out this calculation.) Still larger lattices are possible using the CCCM code [55] , which has been implemented to work in parallel on a cluster of processors. We note that the addition of intermediate bonds that link the isolated clusters in order to form extended lattices of infinite numbers of sites requires only relatively small increases in computational effort for high-order CCM compared to treating the case of isolated magnetic clusters alone.
Excellent results were seen here for such a model that interpolated between finite clusters and an extended lattice, namely, for the n.n. CAVO model (e.g., see the results for the ground state energy in Fig. 2 ). High-order CCM might provide a good choice for the study of a whole range of such "interpolating" models between finite clusters and infinite lattices.
